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Abstract 

In a recent paper |DLL10| we studied basic properties of partial im- 
mersions and partially free maps, a generalization of free maps introduced 
first by Gromov in Gro70 . In this short note we show how to build par- 
tially free maps out of partial immersions and use this fact to prove that 
the partially free maps in critical dimension introduced in Theorems 1.1- 
1.3 of [DLL10] for three important types of distributions can actually be 
built out of partial immersions. Finally, we show that the canonical con- 
tact structure on R 2n+1 admits partial immersions in critical dimension 
for every n. 

1 Introduction 

In a joint paper with D'Ambra and Loi [DLL10J, in analogy with the theory of 
C k , k > 3, isometric immersions of Nash and Gromov [Nas56, Gro86], we stud- 
ied basic properties of partial isometric immersions (also called % -immersions) , 
namely C 1 maps of a manifold M into the Euclidean space M. q which induce a 
metric on some vector subbundle % of M. In particular we proved (see The- 
orems 1.1-1.3 in |DLL10| ). by an explicit construction, the existence of H-free 
maps, the analog of free maps for partial isometric immersions, in critical dimen- 
sion for three types of distributions: 1-dimensional planar distributions which 
are either Hamiltonian or of finite type; n-dimensional Lagrangian distributions 
of completely integrable systems in a 2n-dimensional symplectic manifold; 1- 
dimensional Hamiltonian distributions in a Riemann-Poisson manifold. 

In this note we show that "H-free maps can be canonically built out of a W- 
immersion. Accordingly, we show that Theorems 1.1-1,3 of [DLL10J ultimately 
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depend on the fact that those distributions admit a %-immersion in critical 
dimension. Moreover, we add to the list the canonical contact distributions in 



2 %- immersions and "H-free maps 

Let M be a smooth m-dimensional manifold, % a /c-dimensional distribution on 
M, namely a vector subbundle of TM such that dmi% x = k for all x £ M, and 
E 9 the g-dimensional Euclidean space, namely the linear space R 9 endowed with 
the euclidean metric e q — 5ijdy l dy J . where (y l ), i = 1, . . . are linear coordi- 
nates on R 9 . Recall that, locally, H is the span of k vector fields {£1, . . . , 
the {£ a }a=i....,fc, are called a local trivialization of %. We say that a C 1 map 
/ = (/*) : M — > E 9 is a 'H-immersion when the k vectors {L^ a f l di} a =i are 
linearly independent (equivalently, when the k x q matrix 



is full-rank) at every point and for every local trivialization. Similarly, we 
say that a C 2 map / = (/'): M — > E 9 is H-free if the k + Sk vectors 
{L^ a f l di, {L^ a , L^ b }f % di) are linearly independent (equivalently, when the (£: + 
Sk) x q matrix 



is full-rank) at every point of every local trivialization, where Sk = k{k + l)/2 
and {L^ a ,L^ b } — L^ a L^ b + L^ b L^ a is the anticommutator of and L^ b (the 
definition of 'H-free map was first introduced by Gromov in |Gro70| ). Clearly 
TM-immersions are the usual immersions and TM-free maps are the usual free 
maps. 

We denote by Imm-u(M,M. q ) and Free-n(M, R 9 ) the sets of %-immersions 
and H-free maps M -> E 9 and endow C°°(M,R 9 ) with the strong Whit- 
ney topology. Both Imm-n(M,M g ) and Freen(M, R 9 ) are open subsets of 
C°°(M, R 9 ) and are clearly empty for, respectively, q < k and q < k + sj. (we 
say that k and k + Sk are critical dimensions for, respectively, 'H-immersions 
and TL-hee maps). Next theorem shows that, independently on the topology of 
H and of M, both sets are non-empty if q is big enough: 

Theorem 1 (DDL, 2010). The sets Immu(M,M9) and Free n (M,W) are 
dense in C°°(M, R 9 ) for, respectively, q > m + k and q > m + k + Sfc. 

What happens in general in the range k < q < m + k for H-immersions and 
fc+Sfc < q < rn+k + Sk for "H-free maps is still an open question. When H = TM 
it is known that the h-principle holds for immersions (resp. free maps) for q > n 
(resp. q > m + s m ) when M is open and for q > m (resp. q > m + s m ) when 
M contains a closed component (see |EG71| and [Gro86 ). This means that, 
under those conditions, free maps arise whenever the whenever the appropriate 
topological obstructions vanish. 
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Example 1. The set Free(M. m , R m+Sm ) is non empty. A concrete element of 
that set is the polynomial map 

, . • . , X ) — (x , . . . , X , (x ) , X X , . . . , {x ) ) 

of all possible monic monomials of first and second degree in the coordinates. 

The critical dimension case for immersions is trivial since no compact m- 
manifold can be immersed into R m . The question of the existence of free maps 
in critical dimension on compact sets is instead of particular interest and still 
open. For example, it is still unknown whether the tori T m , m > 1, admit free 
maps in critical dimension (see |Gro86| . Section 1.1.4). 

When H ^ TM the theory is richer since "H-immersions can arise also in 
critical dimension, as next example shows: 

Example 2. Let £ be a vector field without zeros on a Riemannian manifold 
(M,g) and H = spari{£,}. Assume that the 1-form ^ , obtained by "raising 
the index" of is intrinsically exact, namely that — Xdf for some smooth 
functions f and A > 0. Then L^f = ||£||g/A > 0, so that f e Imm n (M,R). 
For example consider 

t(x,y)=y(l-y 2 )d x + (l~3y 2 )d y 
in R 2 . Then £ b = e~ x d(y(l — y 2 )e x ) and therefore 

Hvi 1 - 2/ V) = y 2 (i - y 2 ) 2 + (i - ?>y 2 ) 2 > o , 

namely y{\ — y 2 )e x <E imm-^R 2 , R) . Observe that £ is not topologically conju- 
gate to a constant vector field so that, in principle, the solvability of L^f > is 
not a trivial matter. 

Moreover, next theorem shows that H-immersions can be used to build H- 
free maps: 

Theorem 2. Let F 6 Free(R q , R 9 ') and f € Imm n {M,W). Then F o / e 
Free-u(M,M. q ). In particular, ifH admits H -immersions in critical dimension, 
then % admits T-L-free maps in critical dimension. 

Proof. We can prove the claim without loss of generality in the critical dimension 
case, namely when q — k and q' = fc+Sfe. Let / = (/ a ) : M — > R fe a %-immersion 
and F = (F*) : R k -> R k+Sk a free map (see Example 0}. 
Now observe that 



< 



' L^F%f\...,f k ) =L u f c d c F 
L 2 F*{f\ ...,f k ) = L ia f c L u f d d 2 d F + L 2 J C C F 

[{L 6a ,L^}F%f\ ...,f k ) = 2L ia rL ib fd 2 cd F + {L u ,L ib }rd c F 



This shows that 

D 2 {Fof) = 



Di(J) 


®k,s k 
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where 



C = 



( L l fl , 



{•^Cn^Ca}/ 



and 



1\2 



(L ( J k ) 2 ) 



Clearly then det Z?2 {F ° f) = det Di (/) det D det Z^^ 1 - It is easy to check that 



the matrix D can be written as p(D±(f)), where p : GLk 



GL S 



linear representation of GLfc(R) over R Sfc , and therefore detDi(/) ^ implies 
detD ^ 0. In particular it is easy to check (e.g. it is enough to consider the 
case of diagonal matrices) that det-D = (det Di(f)) h+1 , so that 



det D 2 (F o /) = (det £>i(/)) fc+2 det D 2 F . 
Hence if / is a 'H-immersion and F is free, the map F o f is 'H-free. 



□ 



3 %- immersions in critical dimension 

Thanks to Theorem[5J we can now reformulate Theorems 1.1-1.3 of [D LL10] so 
that it is clear that they all depend on the existence of a ^-immersion. 

Consider first the case of 1-distributions H. in the plane (see Section 3.1 
in [DL L 10]). Kaplan proved |Kap40| that all 1-distributions in the plane are 
orientable, so that there exists a vector field everywhere non-zero such that 
H = span!;. We say that T-L is Hamiltonian when it is tangent to the level sets 
of a regulai0 function /, i.e. % — kerd/. Let now T be the integral foliation 
of H. Two leaves are said separatrices when they cannot be separated in the 
quotient topology on T . We say that "H is of finite type when the set of the 
separatrices of T is closed and every separatrix is inseparable from just a finite 
number of other leaves; for example, if H. is the span of a polynomial vector 
field then it is of finite type [Mar72j. 

Theorem 3. Let 1-1 he a planar 1- distribution which is either Hamiltonian or 
of finite type. Then % admits a H-immersion in critical dimension. 

Proof. A 'H-immersion / : R 2 — > R is a function / such that either L^f > 
or L^f < at every point. When H is Hamiltonian, the existence of such a 
function was proved by Weiner in its Lemma in [Wci88 . When H is of finite 
type, it was proved in Lemma 3.1 of [DL L10| . □ 

1 We say that a smooth function is regular when df at every point. Analogously, we 
say that a vector field is regular when it has no zeros. 
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Example 3. Consider the distribution — spant; C TR 2 , with £ = 2yd x + 
(1 — y 2 )d y . Since the components of £ depend only on y, only vertical straight 
lines can be separatrices for TL^; in particular only y = ±1 are separatrix leaves 
for . A direct calculation shows that ker L^ is functionally generated by the 
regular smooth function f(x,y) — (1 — y 2 )e x , namely T-i^ = kerdf is a Hamil- 
tonian distribution. Now let g(x,y) — ye x . It is easy to check that L^g(x,y) = 
{l + y 2 )e x > 0, so that g G /mm^ (R 2 , R) and F = (g,g 2 ) G Free n( (R 2 , R 2 ). 

Consider now the distribution T-L^ = span n, with n — (3y — l)d x + (1 — y 2 )d y . 
Considerations similar to the ones made above show that y = ±1 are the only 
separatrices for T-L^. A functional generator for kerL,, is given by f'(x,y) — 
(1 — y)(l + y) 2 e x , whose gradient is null on the separatrix y — —1, so that 

is not Hamiltonian; nevertheless H,^ is of finite type since n is polynomial. 
A direct calculation shows that L v g(x, y) — (fly 2 — y + l)e x > 0, so that g G 
Imm nv (R 2 ,R) and F = (g,g 2 ) G Free w?j (R 2 ,R 2 ). 

Consider now the case of completely integral systems (Section 3.2 in [DLL10J). 
Recall that, on a 2n-dimensional symplectic manifold (M, u)), a completely inte- 
grable system is a collection of n functions {hi, . . . , h n } in involution, i.e. such 
that the Poisson bracket of every pair of hi is identically zero. 

Theorem 4. Let % — H" =1 kerdli be the Lagrangian n- distribution of a com- 
pletely integrable system {h%, . . . , h n } on a symplectic manifold (M 2u ,uj) such 
that: 

1. the Hamiltonian vector fields £j of the hi are all complete; 

2. the (Lagrangian) leaves of % are all diffeomorphic to R™. 
Then T-L admits a T-L-immersion f : M 2n — > R™. 

Proof. In Lemma 3.3 of |DLL10| we proved the existence, under the same as- 
sumptions of this theorem, of n functions p such that {hi, /■?} = for i ^ j 
and {hi, f 1 } > 0, i = 1, . . . , n. Since H is spanned by the Hamiltonian pairwise 
commuting vector fields £j and L^fi = {hi,f^}, this is enough to grant that 
the map / = (J 1 , . . . , /") : M ->■ R™ is a H-immersion. □ 

Example 4. Consider the symplectic manifold T*T n with canonical coordinates 
(ip a ,p a ), so that the symplectic form is equal to lj — d<p a A dp a . The system 
{I a = e Pa cos V Q }a=i,...,n is completely integrable on T*T n , e.g. because each 
I a depends only on the two coordinates with index a. 

The corresponding Lagrangian distribution H = n™ =1 ker dl a is generated 
by the pairwise commuting (Hamiltonian) vector fields £ Q = e Pa (sin (p a , cos (f a ). 
This system is clearly the direct product of n independent systems on the cilin- 
ders (ip a ,p a ), a — 1, ... ,n, in such a way that the a-th system admits, as partial 
immersion, the function g a = e Va sint/? Q ; indeed L^ a g a = e 2pa > 0. Hence the 
map 

G = {g u ...,g n ):T*T n -> R" 



is a Ti-immersion and, consequently, the map 

F = ( 9l , . . . ,g n , glg ig2 , . . .,gl) : T*T n -> R n+S " 
is a 71 -free map. 

Finally, consider the case of Riemann-Poisson manifolds. These are Rieman- 
nian manifolds (M, g) on which it is defined the Poisson structure 

{/, 9}h = f *[dhi A • • • A dh m -2 A df A dg] , 

where the H — {hi, • • ■ , h m -2\ are fixed smooth (possibly multivalued) func- 
tions on M. 

Example 5. Consider the flat torus T 3 with angular coordinates (6 ,6 ,6 ) 
and H = {h(9 l ) = Bid 1 } for some constant 1-form B = Bidff 1 . Then the 
Riemann-Poisson bracket is given by 

{f,g}H = e^ k d i fd l gB k , 

where e y is the totally antisymmetric Levi-Civita tensor. This bracket was 
introduced by S.P. Novikov as an application of his generalization of Morse 
theory to multivalued functions INov82l. An example of the rich topological 
structure hidden in this Riemann-Poisson bracket can be found in 

Theorem 5. Let (M,g, {, }h) a Riemann-Poisson manifold such that the m — 
2 functions in H are functionally independent at every point and let % be a 
Hamiltonian I -distribution on it. Then ~H admits a 'H.-immersion f : M M. 

Proof. Let h a Hamiltonian for H. A H-immersion / : M — >• E is a function / 
such that {h,f}n > (or {h, /}h < 0). The existence of such a function was 
proven in Lemma 3.4 of [DLLIQ], □ 

Example 6. Consider the case of E 3 with the Riemann-Poisson structure in- 
duced by the singlet H = {(1 — y 2 )e x }, so that 

{f, 9}h = e x [(1 - y 2 ) (8 y fd z g - d z fd y g) - 2y (d x fd z g - d z fd x g)] . 

Take a Hamiltonian of the form h(x, y, z) = X(x, y)z+fi(x, y), where A is strictly 
positive and \x is arbitrary. The Hamiltonian 1-dimensional distribution H cor- 
responding to h is the span of the regular vector field £^ = {h, •}# which, for 
our particular choice of h, writes as 

£ h = e x [(1 -2y- y 2 )(zd y \(x, y) + d yf x(x, y))d z - X(x, y) ((1 - y 2 )8 y - 2yd x )] . 

Example^ shows that f(x,y,z) = ye x solves the partial differential inequality 
{h, f}H > 0. Indeed 

{h, f} H = L ih f = e x X(x, y) [(1 - y 2 )e* + 2y V] = (1 + y 2 )\{x, y)e 2x > , 

so that f e Imm n (R 3 ,R) and (f,f 2 ) £ Free n (M. 3 , M). 
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We add now a fourth case where it is possible to find a 'H-immersion in critical 
dimension. Recall that a contact structure on a (2n + l)-dimensional manifold 
M is a completely non-integrable codimension-1 distribution H C TM. Locally 
H = ker8 for some 1-form 9, so that the non-integrability condition translates 
into 9 A (<W) n ^ 0. 

Example 7. Consider the bundle J 1 (A^, M) ~ T* N x R of all 1-jets of maps 
N — » R, where N is a n-dimensional manifold. This bundle has a canonical 
contact structure induced by the tautological 1-form 9, defined as the unique 
(modulo strictly positive or negative smooth functions) 1-form such that a section 
a : N — > J 1 (iV, R) is holonomic (namely is the 1-jet of a map M — > R) iff 
o~*9 = 0. In canonical coordinates (x a ,p a ,t) a canonical contact form writes as 
9 = X(x,p, t) (dt — p a dx a ) , where X(x,p, t) is never zero. For N = R n and this 
gives exactly the canonical contact structure on R 2n+1 ~ J 1 (R™,M). 

Theorem 6. Let % be the canonical contact structure on R 2n+1 . Then % 
admits a TL-immersion in critical dimension. 

Proof. A trivialization for H is given by the 2n vectors 

6 = d x i - pid t , . . . , £ n = d x n - p n d t , £ n +i =d Pl , ■■■ , &n = d Pn ■ 

Hence the projection on the first 2n components 

nix 1 , pi, . . .,x n ,p n ,z) = (x 1 ,pi, . . .,x n ,p n ) 

belongs to Imm n (R 2n+l ,R 2n ) and F 2n ° tt belongs to Free n (M. 2n+1 ,M 2n+S2 "). 

□ 
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